L40% %1 il
2023 £ 2 A

W %o i

Chinese Journal of Computational Mechanics

Vol. 40, No. 1
February 2023

DOLI.: 10. 7511/js1x20210611001

THHEEHRE BRI EREMD RAE

BRI

foT )2, %

Fg *3

(L. WP e i B B AR 2 B e 3112315 2. Wi VL 8 B ad S R 1B . BL N 310004
3. W R Ik BE L AL 310015)
B EXAEXBMLARBRERETI TR TR RN AR E A, ST LR BRENEH FETHAR,. X
FEXRBEE T ENARAHHATAELETERT RO KRG EE, RAAXFENTFTRAXAZTH R
TR REAGBH T REBEHATE R O FEMMERATRR., TELEREZW . AXFTETUEZAN T AE

EHEBRAMAFAREG T EERESBTRY & R, BHRF N RSUER.

EREHEEAGETAEAED

TAAWHE T &, EXFRBEE L RLE T FR L THEELRAE T EEAE Ryt sl

KER . ZHRT: BERT oK REEXHE
FESES 0323 XEkFRERD: A

1 5 B

FE AR BB RN 28 55 S TR Z5 P, B T
A AP 45 5 R B SRR B 2 43 A 4 TR R, S B U 1
W 2w Bt s g R #HiE AR E R F
DS ORI NG WA AR o S Va8 = A 1R 3]
I H % 30 47 A 0 A 5 R iR 28 A5, X6 T g A A i
() G A P PR o B L R B 2 i — 20 X AT 2
Ze8h I35y e SL Al

[ P A0 of T A2 T 22 A PR TR TT T
DR B AT A0 BC(EL D7 R F . e b 125 R T
T e J32 B 88 o T AR R 5 R U R R R L AR R
OB BB E X i 24T A0 N eR BOE R JTIF 2R 1T
DT, AT SR e 52 1 AR, X F K 2 A
AT S R 150, G 1 R 03 O A7 T PR A BT i T R
FEUE R

B 7 b A BRIy 2 e AT R S
—, & TR S m e 2, — s 00T b TR
MR R SR A PR TR Y I R 7 RS B
15 o0 T A5 B A R i A 45 R T T BRI 2
FoTH, Kk, BN AMIESE N B4R T — S R
(M RCME IR O SR B R P B S R AT Y —
Fho7 . SO SR FR L 0y AR — 4 & B 4

WoHE B #9:2021-06-11; & SR s 2 H #9.2021-09-28.

E&TH WLAHEITHH (Y202044981) s Wi VLA A A FE

AT I E (LY20E080006) 5 [ %K [ 4R BL2
F4H AT H (51808121 ¥ B3 H.
EERBA R B (1985, %, 4L Bl

(E-mail: wuxi@zucc. edu. cn).

XEHRS.1007-4708(2023)01-0073-06

{8 PR ORI DA S AT R B, I PR B0y s
FRG3H Ak S 4 (A PR BSCTEL 9 JIAS SRR DT B
Gy 7 R EE By AL RO R AL BT
AR A B A I (RS A B R RO
M BB TR N

1 55 1 i sR Bk A B R B 84y O AR R 4
PEEEA =R RS, (D) s8R (2) MERFR
PO (3 HEBRMRE., R AR N #
S AEAS UG R 5 A I A R O A 4 e A T TR R AL
FHUE B IRAE TR Ay T AR 2 BT Sk
WA B L P, B AT R e R AR
B ORI R AR R O R R
WA TR B LA I B RS AT . SR 7E
il T R R 5 B 2% A 9 s o7 e A 45 A 0 B
FAFO B T AR R Tk S i A A ] B e
s il O R B B e AT AR S B A L X T X 2 AR PR Y
T INAEAEAT B . BeAh, A AR &0 R AR
P i) 5 P A AT 25 ) R B R AR AR 43 A s DT
5 5 R B SRS

R TS DA G AR 43 SR B X 1 B Ak A
FE Y 3 6 ] B3, A SCR A Driscoll 260 48 i 19 5
SR B 80 ) et T A AR AT AL B 5 R B
ML AT LB . B e RS SR B A R B
W I 00 5% A A LA R 5 9RO HE S T A R o 2 A
il 5 B I 4 SRR L 1 R ABR k.l Ry
7 T R A et AR SR vk KR B R RCR AT
IO UE  [F) BF 8 R T 4% G i Ak B 7 3k R A S Ak
7 AR FR ARG B L R



r toE on % ¥ R 108
ik FA A
2 WMo RBREROFAEZGHEMAE e a DY 20 (= Leeesm (1D
2.1 EMEERY l)lj:i_ﬁkfdﬁi’?ﬂﬂ%%‘@k#
?Ar'ﬂééﬂi‘ﬂiaﬁﬁ o 3K ZH X IV ) PR A KA A {0 X 07 BRPEAT B WO, O R i
B {fi10 mu_“o(fﬁ’ﬂﬁﬁilﬂf‘*/\ N 28 p (2 R B
K Au=2ABu (12)
R w R w( ) 7T (E R BUE T R AT Ta)
Py (o) = Zl(l)f (L LB u=[ulx) s uCx)]", 5 A FISEG B
K Lo R B Hiﬂﬁﬁﬁ B, HRBA 5390 K
Ly — ﬁ x—ay ) A=diag(a, ) W" + -+ 4 diag(a )W + diag(a,)
PS04 Ti X (13)
Wb AT D — 25 3R 7 A0 B s N U v AR O B = diag(h,) (14)
il H o diag(vector) F R LAFI 0] 7 vector N X £ JC
5 Ay, & A RIL X FAHERE . a; F1 bo A BREL a; (o) FT by (20
= TN R @ e s 0 B o .
e - 1 1) s (o) TG =0, ) s by = [ by (x0) s by () s
H<x — ) by (o) T
W1 G AE AT LAGE— 88 HUR

2.2 f&ﬁ*ﬂ?ﬁ?ﬁwﬁ
PREL y=f() R HHEZ T RK fJMI)iﬁM%@

AR SR Y = (o) TR L

fllo~p (o) = Ezu)f (5
PR BCE AR (B A — B"'?r;?ﬁ{ﬁ_fu%ﬁij
fl —Zz (a)f, (6)
= (6) 7] DL it %%&%ﬁlﬁﬁ/ﬁjﬂ
ff=wy (7
—tqj f,:[ [‘, ’ [‘/ R [‘,]T _[1‘091‘1 ""91‘ ]Ta

W =1 Ca) o JEE WRK R SR y = f () IAL R B0
M, iR /N (N1 X (N+1),

YT n B S8 £ Coo 76 4 (B A, b B9 {8 R BE 7T
LR R R

f(u)zw<n)f (8)
FI R, WM W R R
W(n) :W(nfl)W: :Wn (9)

O RKM@AL T 5 B A R BOE MR, SEPRit
%:EPai_ﬁfj'::'v9I‘Eﬁﬂﬁ’}7ﬁ%ﬂfé§ﬁ%ﬁﬁiﬁ%ﬂﬂ%
2, BT 2 0 SCERS ]
2.3 hR&EH
I3 A 22 BORE B T LLKE 23 J7 AR R AR (B
5] R S ARECRF AR ) R, S 1 it — 2D U
8 m B iy i R
an (U™ () F o+ a(Du(x)+ alx)u(x) =
Abo () ul o) 10)

Lu =0 (15
K LRKRANR m X (N+ 1D B, RS
FTARERE « & AR BB R, A
elLu=L;(u,Wu,*+ ,W" 'u) =0 (16)
KH e A (N+ DX (N+1) AN IEFERYE i 17,
AR SR B Driscoll %5 $E H 0 5% 4 B 125 0k
Ab 3 ), B B A AR R — A R R B A
THE Y 2o B2 2ok B e ek AR 2 I i R, A
W 53 RN RR 3 R B R AR AR T3 1 W % B A B
(R BT IR T AR TR R BETE AR o m IR 43 0 1 22
B p (o B NKFER N—m B N+1—
m A {E A B A) RS 6 2R R PN(I) B om IR 58,
Driscoll %538 1 5 3B 16 HUA (8 A5 1 7 =X X6 = B
SR AT 22 A L O 38 a7 e R S ) B
AEARE A BAARU T (a5, £ 10 02 146
(CE2E. pwu) RN —HE () " LR R

(. F 0N RV 97 5 1 SR B ¢ f N Z AT
AR RER,
}'ZPN—me an

A }: [?o ’}I 9"”}!\@:»;]’1"]‘:[][0 » fi ’””f.\}]’l"
Pxii o RN TR SRR, RN (N+1—m)
X(N—+1), Pyiron WEANICEE LN

A {i A

1=0 Xj — X

1
(% # )

<PN+1.m)j.k =L X

1 (%= 2
(18)



1 WEE, % REEYAR B B IR 2 RS KR 75

25 LTI  H R R e 4 R [ vk AR X )
T B — 2L 47 (X 3 A O B R AT B R, O e 4
R I 7L 48t o] A AR (A XA 1) 1) 8 A o 7 R
HEAB N+1ANZEN N+m— 1D HFEH. G
m AT R B A RS B T S T R R
Ty A8 DT 3Bk 6 T % 8 43 2 AR A Ak P R AR AR 3
FEA A X 45 ]y R R B AT AR AT

HRAE LA E Ak 3807 20, 15 S 20 (12D wa ) [s] i e
T Pnivons GG IR FAAG B0 7 N

Au = ABu (19

X A B 451k
0 Al

(20,21)

= B =

P,‘\I«H.mA]

Jr B2 AT I SURE G (57 0 Q7 W AT R

o,

3 EHAEBEBBRKE
XTSI LSRR A R 3

Pyivw

1 Oy R
2 2 Al
4 [EIiJ?J—w%U:O (22)

KX EI BRI, oA HREEE,HH =1
PRAL . o M H MRS,
J5 8 (1) 75 Bt I 3 Y 0 30 B2 A A A
fift . WENOLT RAA W =R R,
o [ S X i B R
U=0, d°U/d2*=0
o [ 5 i F X W B 2Rk =0
U=0, dU/dx=0
o [ FH A X Y e R IR R
U=0, d*U/dz*=0
IO AL — 2 IR

d’lU_’_2 dEI d°U | d*EI d*U
4

2= .
dx de do | dat de @7U=0

El

(23)
F TR AR (23)  EILA TS IS RN
o5 AR IEAT B HL,
xi:%[l —cos(i/NDT (=041, N
R SR B

N N
EICx) >, WU, +2EI (x) >, WP U, +

i=0 i=0

N
2EI"(x) D> WP U, = o m(x) U,

j=0

(i:()al""N) (24)

KL EICx) ECx) M ET"Ca) 43 51 A 38 1 K
JEET N H—Br M S 8E A« By, Wi,
W MW 535 R AR R A UCo B B 4L
=B AR S B REE TR, 2D
Al LLS R PR 2N
KU = o MU (25)
K U=[UCx) . UCx) s, U)K M K
K= diag(EDW® + 2diag(EI"HYW® +
diag(EI"HW® (26)
M = diag(m) 27
K 26) %, ELIELI' M E1” 2 £m R m NI E E 1
B — By A B S TR A F I R 8 1) i m
Shy S BN B I A A A (R A 1 B ) 1 e R
EI=[EI(x),EICx) s, EI(xy)]"
ElI' =[EI'(x) EI'Cx)) -, EI'Cxy) 1"
EI"=[EI"Cx) . EI"(x),,EI"Cx)]"

VTl: [f?l( Io) 7)7_’l< 11)9"' aﬁ?( IN):IT
W ET A0SR AL RS R A0 47 (B3 =, 0 ik
—HAHWT RKER,

EI'=WEI, EI"=W*”EI (28,29)

SR FH B 80 S I 2 it i i L 4% 1 L AT A
KU=o'MU (30)
K KM AT LA AR
( L 3

N

K=

(31,32)

P+KJ ’ PNMMJ
XoF T 30 167 32 30 A A
[
EN+1
Wi,
{Wz[i\w 1,.]
K e Al ens TR (N+1) X (NAH1) B HRE
IS 1 ATANSE N+145, WAL, . J MW/ [N+1,.]
IR WEARRERYSE 1 ATAEE N+-1 17, H4h
REAFTTALIEM T RE 1.
YRS N — 1L 15 2B S R
Ak AR B S B W T LA B R T B A X
L

L—

\4% 2 D (33)
X DA LIE R A
2 2
(D)oo :_%7 (D)N\r:% (34)
Lj .
(D) =—"—= (=1, .N—1 (35



76 I A - B40%

), =40 (i ot N2D @6 k1 FE AT R R
‘ T l Tab.1 Vibration frequency of circular variable
A cross section beam simply supported at both ends
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Fig. 1 Free frequency calculation diagram of variable section beam
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Tab. 2 Vibration frequency of circular variable

cross section beam fixed at both ends

e AR SFPMI7) SAM LTS
B N=10 N=15 N=20 N=25 N=15 N=128
1 16.452 16.479 16.479 16.479 16.48  16.479
2 45.369 45.175 45.175 45.175 45.182  45.188
3 85.460 88.352 88.352 88.352 88.384  88.353
4 170.852 145.801 145.890 145.890 146.019 145.898
5 1237.273 219.242 217.804 217.804 —
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Tab. 3 Vibration frequency of circular variable
cross section beam with one end fixed support

and another end free

% ASCT5 ik SFPMI7) SAMI17]
MR N=10 N=15 N=20 N=25 N=15 N=128
| 4.623 4.625  4.625  4.625  4.625  4.626
2 19.557 19.547 19.547 19.547 19.548  19.547
3 48.767 48.578 48.578 48.578 48.582  48.576
4 86.812 91.811 91.812 91.812 91.837 91.814
5 172.890 149.250 149.389 149.389  — -
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Tab.4 Vibration frequency of rectangular variable
cross section beam simply supported at both ends

LS AR SFPML7) FDML16]
¥ N=10 N=15 N=20 N=25 N=15 N=900
1 11.984 11.984 11.984 11.984 11.98  11.98
2 49.113  49.135 49.135 49.135 49.14  49.14
3 111.331 110.344 110.344 110.344 110.36  110.34
4 192,084 195.893 195.907 195.907 195.99  195.90
5 1008.357 305.965 305.864 305.865 306.21  305.86

P FDM %75 3CHRL 1604 I 4ok

B3 g BURS AR [R) 45 22 1 A2 i 2 A
H % 30

AR SR L L, ABUPRAR 14T 1R AR S

FH R R R
I=1,Y (), A=A, ¥ (), ¥(2)=(1+ ax)?
(39)
K o BAETEL, Lo FL A, 235108 o =0 Ab I 1)
WEPERE AT, 24 a =0 BF, 250 WS AR 2, 16
PIFiEd, Ay=0.04m, I,=1.333X10 ' m,#
MBS L=4.0 m, & E =2.0X10" Pa, %
JE 0 =7800 kg/m*, A JE(N=20) MRk
CERLICEL A 100) DL K fiff BT fif 7)1 45 5% L 58 A
F 5. MRS LA A ARG BT IR A R A
PR T EE A 75 & 100 > LT A BB K B A SC U7 B4
& DU T AR SO s Y R R AL

x5 —HEXA-LEIXHERTREERLE WK ME LR

Tab.5 Comparison of dimensionless vibration frequencies of variable cross section beams with

one side fixed and another simply supported

R a=0 a=1 a=2

B % A S il i FEM A St fige B fi FEM A fige b7 fi FEM
1 15. 418 15. 418 15. 396 12. 363 12. 3635 — 10. 598 10. 598 —
2 49. 964 49. 964 49.732 47.626 47. 626 46. 667 46. 667
3 104. 247 104. 248 103. 217 102. 024 102. 02 — 101.173 101. 174 —
4 178. 269 178. 270 175. 240 176. 104 176. 105 175. 304 175. 304
5 272.031 272.032 264. 995 269. 900 269. 904 — 269. 128 269. 129" —
6 385. 529 385. 533 371.518 383. 419 383.423 — 382. 666 382. 669 —
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Tab. 6 Comparison of the influence of different boundary conditions on frequency

R ATk A AMES

&k N=10 N=20 N=30 N=10 N =20 N =30
1 10. 9589 10. 598377 10. 5983 11. 8655 10. 598434 10. 5983
2 43.6305 46. 667809 46. 6678 44,6133 46. 667701 46. 6678
3 112. 3615 101. 173757 101.1737 103. 7459 101. 17403 101. 173756
4 168. 3670 175. 304327 175. 3043 173. 7734 175. 3035 175. 304332
5 921. 6496 269. 128176 269. 1281 173. 7734 269. 1291 269. 128147
6 2025. 8223 382. 66651 382. 669458 316. 1286 382. 8087 382. 669458
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Resampling differential quadrature method for free vibration analysis of
Euler beams with variable cross section

XU Wei-min'?, HE Shan-jiang?, WU Xi**
(1. Zhejiang College of Construction, Hangzhou 311231, China;
2. Zhejiang Jianyuan Architectural Design & Urban Planning Institute, Hangzhou 310004, Chinaj;
3. Zhejiang University City College, Hangzhou 310015, China)

Abstract: In this paper,the free vibration of Euler beams with variable cross-sections is analyzed by virtue
of the resampling differential quadrature method. The discrete scheme of the governing equations of
beams of variable cross-sections is derived and the boundary conditions are imposed by the resampling
matrix method,and the detailed algorithm for the free vibration problem is established. Several beams
with different cross-sections under different boundary conditions are analyzed and compared with the
results computed by other methods. Results indicate that the accuracy of the proposed method is high.
Moreover, the proposed method has excellent convergence and outperforms other methods compared in
this paper. By comparing with the traditional replacing row method, the resampling matrix method has

better convergence performance.

Key words: variable sections;free vibration;differential quadrature method;resampling
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