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Abstract: The boundary integral method is used to study the forced vibration of thick rectangular plates under three
complex boundary conditions, namely, simply supported on four sides, fixed two opposite sides and simply
supported on two opposite sides,and fixed on four sides. The solution process is clear,and the governing equations
of forced vibration and the equations of the flexural surface are given. Through numerical calculation on the Matlab
platform, the calculation results in the form of charts are obtained,and compared with the finite element simulation
results. From the comparison of these results the accuracy of applying the boundary integral method to solve the
forced vibration problem of thick rectangular plates and the correctness of the derived governing equations and the
flexural surface equations can be seen. It has certain practical significance for various related problems in

engineering practice,and provides a new way for solving such problems,which can be directly applied to engineering

practice.
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1 Introduction

Thick plate structure theory has been widely
used in modern science and technology and pro-
duction activities'”. It not only has a large num-
ber of theoretical basis for the protection engi-
neering and atomic energy engineering of thick
plate components, but also needs to involve and
apply the thick plate structure theory in modern
engineering such as aviation, aerospace and
ships®. At the same time, the forced vibration of
thick plate is also inevitable,and the research on
the vibration of thick plate is becoming more and
more important', However, since the thin plate
does not consider the influence of shear deforma-
tion on bending, the classical thin plate theory

cannot meet the accuracy requirements™™. There-

Received by:2021-04-10; Revised by:2021-09-20.

Corresponding authors: YUE Xing-yu* (1998-) ,Female,
Master Reading
(E-mail : yxy9367@163. com).

fore,it is very necessary to propose a new method
to solve the thick plate problem.

In the middle of the 20" century, Reissnert®'"
considered the influence of shear deformation and
extrusion deformation,and deduced the static equation

L1 considered the

of thick plate problem. Mindlin
influence of transverse shear deformation and rota-
tional inertia, and deduced the dynamic equation of
bending vibration of thick plates. Up to now,the thick
plate theory proposed by Reissner and Mindlin is
still widely used by modern scholars as the basic
equation for studying thick plate problems.

Based on Mindlin plate theory, Wu et al, "'*
solved the free vibration problem of plate with
arbitrary shape by using differential cubature method.
The typical examples of thick plate bending are calcu-
lated in detail based on Hamilton method""*). Based
on Mindlin plate theory, Li et al. """ proposed a
high-order eight-node hybrid stress quadrilateral

element, and analyzed the bending and free
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vibration of simply supported, clamped square
plates and circular plates with different thickness-
span ratios.

Among the existing theories for solving thick
plate components, the Reissner theory is the best,
while this paper studies the forced vibration of
thick rectangular plates by using the boundary
integral method on the basis of the Reissner
theory. This provides a new method for studying

the forced vibration of thick rectangular plates.

2 Forced vibration of simply supported
thick rectangular plate on four sides

2.1 Deflection surface equations

According to the governing equation™'™, the

governing equation of forced vibration of the thick

plate is
Dv4w:[p8(;r*1‘,o,y*yo)* kl}(l)_pv(')B(x*ym,
y=w ]+ w—Eprvie )

where h is the thickness of the plate, k is the
volume modulus,and D is the bending stiffness of

the plate.

Fig. 1

rectangular plate with four sides under concentrated load

Amplitude actual system of simply supported thick

Fig. 2 Amplitude quasi-basic system of bending thick
rectangular plate
The simply supported thick rectangular plate
with four sides under a concentrated load shown
in Fig.1 is taken as the amplitude actual system.

The thick

supported on four sides under a unit of concen-

bending rectangular plate simply
trated load shown in Fig.2 is taken as the quasi-bas-
ic system. w; represents the deflection of the basic
system and w represents the deflection of the actual

system.

The boundary integral method is applied
between the amplitude actual system of simply
supported four sides shown in Fig.1 and the

quasi-basic system shown in Fig.2,
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From Ref. [15],it can be seen that the ex-

pressions of w, are

2 < 1
wlnya= s ="1; 24 g~
sinhk,(a—9 —
|: k.sinh k,a sinhk, «

sinha,(a—8& . . .
ﬁsmh)\,, 1} +sinB Msinh B y

(<< x<<d

2 < 1
Dbn:1-,2 ki _}\i

3

w (a—x,y; 6, M) =— X

[wsmhk”s -

k,sinh k,a
sinhA,(a—x) . . )
—)\“sinh a sinha,, 8} +sinf Psinh B y

<< D

The other two forms of deflection curve e-
quation can be found in Ref.[15], here is no lon-
ger given.

The expressions of w, are substituted into
Eq.(2),and the deflection surface equations can
be obtained by simplifying the calculation.

2.2 Stress function

Assuming that the stress function is

@&, = >, [E,coshd,f+F,coshd,(a—0 ] X

cosfB N+ Z [ G,coshy,n+
H,,cosh I)"Im (O;i 7] cos a, (5)
8. =+/B°+10/K + v, =~/d\, + 10/h* 6)
The stress function should satisfy V’¢— % ¢—

0, which will be proved by the following formula

Vig = > [E,cosh8,¢ +F,coshd,(a—0] X

n=0,1

(0 — BcosB+ 25 [Gucoshy,m+

m=0,1

H, coshy, (b—m ] (y2 —

2
a,)cos a, {=
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It can be seen from Eq.(7) that the assumed
stress function satisfies the condition.

The bending moments of the simply suppor-
ted bending thick rectangular plate on four sides
are 0,and the following equation can be obtained

E.=F,=G,=H,=0 (&)

At this time, only the deflection surface equa-
tions and the assumed stress function equation are
substituted into the expression to solve the bending
moment amplitude of the thick rectangular plate.

Substitute Eq.(8) into the stress function expres-
sion (5) ,and get
@ (g, M) =E, cosh &y {4 F; coshd, (a—0 +

Gy coshy,m+ Hy cosh v, (b—n) D)

Then,according to the four-side torsion angles of

the simply supported bending thick rectangular plate
are zero, E, = F, =G, =H, =0.

At this time,only the deflection surface equa-
tions and the assumed stress function equation are
substituted into equations w, and w,. Therefore,
the final expression of stress function is

(&M =0
2.3 Numerical calculation

(10

Combined with practical engineering application,
taking the basic parameters: x = y, =0. 5 m (i.e.
concentrated load P acting on the center point of rec-
tangular plate) ,a=b=1 m, P=100 N, E=200 GPa,
v=0.3,h/a=0.1,0.2,0. 3, the frequency range
is w/w,=0.1,0.3,0.5,0.6. The deflection curves
of simply supported rectangular plate on four

sides are obtained by numerical calculation.

Tab.1 Finite element method and the method in this paper are used to calculate the deflection values
of a forced vibration plate with four sides simply supported (h/a=0.1,x/a=0.5) 107m
0. lw, 0. 3wg 0. 5wy 0. 6wy
v/b
Ansys This paper Ansys This paper Ansys This paper Ansys This paper
0 0 0 0 0 0 0 0 0
0.1 168. 65 168. 16 184.78 183. 98 227. 37 225. 60 269. 04 266. 06
0.2 332.76 331. 82 363. 48 361.97 444,63 441. 26 523.99 518. 31
0.3 485. 86 484,50 528.27 526. 11 640.19 635. 46 749.58 741. 66
0.4 617.74 616. 21 667.72 665. 25 799. 54 794. 04 928. 31 919. 06
0.5 736. 85 745.07 789. 25 796. 69 927. 36 932.22 1062. 26 1063. 80

Tab. 2 Finite element method and the method in this paper are used to calculate the deflection values

of a forced vibration plate with four sides simply supported (h/a=0.2,x/a=0.5) 107 m
0. 1w, 0. 3wy 0. Swy 0. 6wy
y/b
Ansys This paper Ansys This paper Ansys This paper Ansys This paper
0 0 0 0 0 0 0 0 0
0.1 23.32 23.16 25.62 25. 30 31.68 30. 85 37.62 36. 15
0.2 46. 41 46.08 50.79 50. 17 62. 36 60. 76 73.68 70. 86
0.3 68.97 68. 44 75.03 74.09 91.02 88.73 106. 65 102. 68
0.4 91.63 90. 46 98.79 97.13 117.67 114. 41 136. 10 130. 86
0.5 133.47 132.91 140. 93 139. 94 160. 57 158.15 179.72 175. 47

Tab. 3 Finite element method and the method in this paper are used to calculate the deflection values

of a forced vibration plate with four sides simply supported (h/a=0.3,x/a=0.5) 107"m
0. 1w, 0. 3wy 0. 5w, 0. 6wy
v/b
Ansys This paper Ansys This paper Ansys This paper Ansys This paper

0 0 0 0 0 0 0 0 0

0.1 8.02 7.92 8. 83 8.65 10. 99 10. 51 13.10 12. 26

0.2 16. 14 15.93 17.70 17.32 21.82 20. 88 25. 85 24.23

0.3 24.55 24.18 26.72 26. 10 32.43 31.04 38.01 35.68

0.4 35.50 33. 44 38. 05 35.73 44,76 41.59 51. 30 47.07

0.5 61.48 59.03 64. 14 61.45 71. 14 67. 64 77.95 73.42
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3 Numerical examples

3.1 Deflection surface equations

Firstly, the bending thick rectangular plate
with two opposite sides fixed and two opposite
sides simply supported under a concentrated load
is taken as numerical example D, Fig.3 is taken as
the amplitude actual system. The bending moment
constraints of the two fixed sides are removed and
replaced by the distributed bending moments M,,
and M,,,so the equivalent diagram of the ampli-

tude actual system shown in Fig.4,and assume

M,,= E A,sinfB,y an
n=1,2
M,.— >, B,sinB,y (12)
n=1,2
:0 P Yo *
! Ay
x0|
|
|

Fig. 3 Amplitude actual system of bending thick rectangular
plate with two opposite sides fixed and two opposite

sides simply supported

Fig. 4 Actual system equivalent diagram of the amplitude of
bending thick rectangular plate with two opposite sides
fixed and two opposite sides simply supported
In addition, a thick rectangular plate with
four fixed sides under concentrated force is taken
as numerical example @. Assuming that the ben-

ding moments are

M, = i A,sinfly (13)
n=1,2

M= S Bisingy (14)
n=1,2

M,, = i C,sina,, x (15)
m=1,2

M,, = 2 D,,sina, x (16)

m=1,2
For thick rectangular plates with the above

two boundary conditions, the boundary integral
method is applied between the equivalent diagram
of the corresponding amplitude actual system and

the amplitude quasi-basic system. The expressions

of the deflection and boundary angles of the basic
system given in Ref, [15] are substituted into the
equation,and the deflection surface equations can

be obtained after calculation and simplification.

Fig. 5 Amplitude actual system of bending thick rectangular
plate with fixed four sides

Fig. 6 Actual system equivalent diagram of the amplitude of
bending thick rectangular plate with fixed four sides

3.2 Stress function

For example D, the bending thick rectangu-
lar plate with two opposite sides fixed and two
opposite sides simply supported can be considered
as a simply supported bending thick rectangular
plate with four sides subjected to distributed ben-
ding moment respectively. From the foregoing, it
can be seen that the E,=F,=G,= H,=0,G,, =
H,,=0 of the four—sided simply supported thick
rectangular plate, so the stress function here as-

sumes that

(g, D= 2 [ E,coshd,&6+F,coshd,(a—&) JcosB,n

n=1,2

an

Since the internal bending moment caused by

each deflection is balanced with the external ben-

ding moment, the stress function of this boundary
condition can be obtained by calculation.

For example @ ,the stress function is directly

given here

oo

@(¢, M= >, [B,coshd,6 —A,coshd,(a—8&]X

n=1,2

[B,/(8,sinhd,a) JcosB,n—

Z [ D,,coshy,,n— C,coshy, (b—m X

m=1,2

La,/ (7, sinhy, b)]cos a, (18)
3.3 Boundary conditions
For example @, the deflection surface equations

and stress function should satisfy the following
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boundary conditions boundary conditions should be satisfied to obtain the
wrro = wye, =0 19 values of unknown quantities A,, B, ,C,, and D,,
The deflection surface equations and the w0 = Wyge = Wy = Wy =0 (20)
stress function are substituted into the boundary 3.4 Numerical calculation
conditions, and the boundary condition execution For the above two examples, taking the size
equations can be derived by calculation. Then the and mechanical parameters of the plate as the
boundary execution equations are combined to same as 2. 3,and the calculation results of exam-
obtain the values of unknown quantities A, and B,. ple @D are listed in Tables 4 to 6,the numerical re-
For numerical example @, the following sults of example @ are shown in Fig.7 to Fig.9.

Tab. 4 Finite element method and the method in this paper are used to calculate the deflection

values of a forced vibration plate with two opposite sides simply supported,

two opposite sides fixed (h/a=0.1,x/a=0.5) 10 "“m
0. Ty 0. 3y 0. 5, 0. 6y
v/b
Ansys This paper Ansys This paper Ansys This paper Ansys This paper

0 0 0 0 0 0 0 0 0

0.1 92.68 94. 08 102. 54 103. 89 127. 86 129. 90 152.91 155. 40
0.2 188. 16 190. 83 206. 62 209. 60 255. 45 259. 32 303. 28 308. 00
0.3 286.71 290. 28 312. 34 316. 34 380. 02 385.22 446. 18 452. 54
0.4 383.50 387.76 413. 88 418. 62 493. 94 500. 08 572.06 579. 56
0.5 491. 27 504. 80 523.16 537. 36 607.11 623. 24 688.97 706. 96

Tab.5 Finite element method and the method in this paper are used to calculate the deflection

values of a forced vibration plate with two opposite sides simply supported,

two opposite sides fixed (h/a=0.2,x/a=0.5) 10 “m
0. lw, 0. 3w, 0. 5w, 0. 6w,
y/b
Ansys This paper Ansys This paper Ansys This paper Ansys This paper
0 0 0 0 0 0 0 0 0
0.1 14. 68 14. 86 16. 24 16. 36 20. 37 20. 28 24.43 24.01
0.2 29.97 30. 29 32.96 33.16 40. 87 40. 66 48.63 47. 80
0.3 46. 33 46. 69 50. 50 50. 70 61.51 61.12 72.26 71.02
0.4 65. 00 64. 88 69.97 69. 65 83. 04 82.02 95.78 93.74
0.5 105. 80 106. 01 110. 98 111.05 124. 61 124.13 137. 87 136. 50

Tab. 6 Finite element method and the method in this paper are used to calculate the deflection

values of a forced vibration plate with two opposite sides simply supported,

two opposite sides fixed (h/a=0.3,x/a=0.5) 107 "m
0. 1w, 0. 3wy 0. 5wy 0. 6wy
y/b
Ansys This paper Ansys This paper Ansys This paper Ansys This paper
0 0 0 0 0 0 0 0 0
0.1 5.75 5.79 6. 37 6.35 8.02 7.81 9.65 9.17
0.2 11. 81 11. 87 13.01 12. 96 16. 18 15.76 19. 30 18. 37
0.3 18.59 18. 58 20. 27 20. 10 24.70 24.02 29. 04 27.65
0.4 28.58 26. 86 30. 57 28. 69 35. 83 33. 36 40. 94 37. 67
0.5 54. 29 52.11 56. 39 54.05 61.89 59. 00 67.23 63.57
For the above two examples, the derivation tions is similar to that of the thick rectangular
process of the deflection surface equations, the plate simply supported on four sides. Therefore,

stress function and the boundary execution equa- due to the limitation of space,it is no longer speci-
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fied in this chapter.

360 . 0.lo,
—o— 03w,
300 A 050,
—v— 0.6,
240}
£
o 180}
=
120
60 |
0 L 1 1 1
0.0 02 04 0.6 0.8 1.0

y/b

Fig. 7 Method in this paper is used to calculate the deflection
values of a forced vibration plate with four sides fixed
(h/a=0.1,2/a=0.3)

60 —a—0.10,
—o— 030,
B —A— 0.50,
30 —v—0.60,
40
E
S 30}
S
20t
10f
0 1 1 1 1
0.0 02 04 0.6 0.8 1.0

y/b

Fig. 8 Method in this paper is used to calculate the deflection
values of a forced vibration plate with four sides fixed
(h/a=0.2,x/a=0.3)

251 —a—0.1o,
—o— 030,
—A—0.50,
20 —v— 0.60,
g 15f
E
Z 10
5k
0 1 Il 1 1
0.0 0.2 0.4 0.6 0.8 1.0
/b

Fig. 9 Method in this paper is used to calculate the deflection
values of a forced vibration plate with four sides fixed
(h/a=0.3,x/a=0.3)

4 Result analysis

For simply supported thick rectangular plates
with four sides, the comparison of the data from

Tables 1 to 3 shows that when the frequency is

small and the plate thickness is small, the
difference between the calculation results of this
paper method and the finite element method is
small. With the increase of thickness and vibration
frequency, the relative error increases, but they
are basically controlled within 5 %, which has a
certain impact on the error of the force acting
point and its nearby nodes. However, for thick
rectangular plates with two opposite sides fixed
and two opposite sides simply supported,it can be
seen from the comparison of data in Tab.4 to
Tab.6 that the relative errors are basically
controlled within 5% ,and there is a large error at
the action point of force and its adjacent nodes.
In addition,it can be seen from Fig.7 to Fig.9
that when the action frequency is small, the
amplitude of the thick plate changes little. With
the increase of frequency,the vibration amplitude
of the thick rectangular plate increases sharply,
which is also in line with the basic law of vibra-

tion.

5 Conclusion

Solving the thick plate problem is ultimately
required to solve a higher order differential equa-
tion. In this paper, the boundary integral method
is successfully applied to avoid this problem, so
that it only needs a simple integration to obtain
the deflection surface equations of the forced
vibration of thick rectangular plates. Through
numerical calculation on Matlab platform and
simulation by finite element software, it can be
seen that the boundary integral method is feasible
to solve the forced vibration problem of thick
rectangular plates, and the calculation results in
this paper are correct. Therefore,it can be directly
applied to engineering practice to solve some

related engineering practical problems.
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